Abstract. The standard Capital Asset Pricing Model assumes that a linear relationship exists between the risk (beta) and the expected excess return of a stock. However, empirical findings have shown over the years that this relationship varies over time. Stock markets undergo phases of greater and smaller volatility in which beta varies accordingly (undergoes different regimes). Given that the Croatian capital market is still insufficiently investigated, the aim of this paper is to explore the possibility of a nonlinear relationship between the stock risk and return. Linear and Markov-switching models (Hamilton 1989) are examined on the Zagreb Stock Exchange based on monthly data on 21 stocks, ranging from January 2005 to December 2013. In that way, investors can use the results based on the best model when making decisions about buying stocks. Since this is one of the first papers on regime-switching on the Croatian capital market, it will hopefully contribute to the existing literature on investing.
Introduction
Modern portfolio theory has derived many useful concepts of stock (as well as other securities) evaluation, in which quantifying stock risk is important for portfolio construction, as well as in financial management in general. The Capital Asset Pricing Model (CAPM) [42, 37] is probably one of the most famous evaluation models in finance theory. The model is used to estimate the market risk of an individual stock or a well-diversified portfolio. In that way, an investor can measure the sensitivity of an asset's excess return to changes in market's excess return. It is a linear model [2] , which means that the excess stock return is linearly related to the non-diversifiable risk [13:164] . It has been empirically tested numerous times on both developed markets, and on markets in development. Despite its many flaws (see, for example, [19] ), it is still tested today, not only in its original form, but also by taking into account different modifications (see [17, 18] ). On the Croatian capital market, it has been tested several times only in its original form with conclusions that deny its power of a systematic risk prediction.
Over the past 30 years many authors have shown that a stock's average return and risk fluctuate over time and the original CAPM model cannot explain stock return anomalies. Furthermore, it has been determined that beta varies over time (see [14, 10, 17, 18, 27, 15, 29] , etc.). Fruk and Huljak [20] concluded that investors should be careful when using betas as a risk measure on the Zagreb Stock Exchange, while Perković [40] and Džaja and Aljinović [13] demonstrated that beta cannot be trusted as a risk measure when making investment decisions on the Croatian stock market. The relationship between risk and return is not always linear, and the original CAPM as a linear model fails to explain the movements in stock return and risk. There are even econometric consequences: "When betas vary over time, standard OLS inference is misspecified and cannot be used to assess the fit of a conditional CAPM. Moreover, when betas vary over time and are correlated with time-varying market risk premia, OLS alphas and betas provide inconsistent estimates of conditional alphas and conditional betas, respectively." [5:1] .
This problem was solved by introducing regime switching models which incorporate changes in the observed variables by modeling not only the mean equation, but also the probabilities of staying in different states of the world. The most popular regime switching model is the one Hamilton [23] developed. It is broadly used for detecting bull and bear markets † and in modeling an unobserved discrete-time, discrete-state Markov process [30] . This paper follows the Hamilton (1989) [23] and the popular Huang [26] approach of modeling stock returns on the Zagreb Stock Exchange. In that way, it can finally be seen whether the CAPM model modified by regime switching behavior can explain the relationship between stock return and risk on Croatian capital market. There are only several papers in the Croatia dealing with the CAPM and switching regime methodology. Thus, we are hoping to contribute to the scarce literature on that topic. The paper is organized as follows. Section 2 deals with previous theoretical and empirical research regarding the original and regime switching CAPM. The methodology used in this paper is described in the Section 3, while empirical investigation and results are given in Section 4. Section 5 concludes the paper. † The aforementioned research has shown that when the prices are rising, volatility is low, thus the low volatility regime responds to the bull markets. On the contrary, when the prices are dropping on the stock market, volatility becomes higher and this phase is identified as the bear market.
Short survey of previous literature
By analyzing previous foreign and domestic research it can be concluded that regime switching methodology is widely used in finance practice in foreign literature, while domestic research lacks CAPM analyses and even more a regime switching approach. Since many papers referring to the linear CAPM model are mentioned very often in the literature, only those applying regime switching models will be reviewed.
Huang [26] is one of the researchers whose approach is very popular. He applied the first order Markov chain in order to model switching behavior of beta in the CAPM model on the Microsoft Corporation monthly stock returns for the period from April 1986 to December 1993. Assoe [7] found strong evidence of two regime switching in nine emerging market returns for monthly data on stock market price indices from December 1975 to December 1997. Korkmaz, Çevik and Gürkan [31] dealt with 23 emerging markets and examined the period from January 1995 to April 2009 in order to compare the linear to the Markov switching model. The results of their investigation have shown that risk can be time varying, depending on the regime prevailing on the market. Galagadera and Shami [21] used daily data on 30 securities in the DJI index for the period from 2 January 1990 to 23 May 1996. They classified stocks by probability of being in a low or a high risk state and concluded that some stock returns produce strong switching behavior. Abdymomunov and Morley [1] analyzed stock returns on value weighted decile portfolios of all stocks listed on the New York Stock Exchange, AMEX and NASDAQ for the period from July 1963 to December 2010. Using a two-state Markov-switching process, they found evidence of time variation betas, which rejects the original unconditional CAPM model. They concluded that the regime-switching model explains returns much better. A list of some other applications of Markov switching approaches in finance is given in [49] and [22] .
By observing the domestic literature, only several papers on the CAPM or switching regime can be found. Fruk and Huljak [20] tested the original CAPM model for 17 stocks on the Zagreb Stock Exchange for the period from September 1998 to August 2003. They concluded that despite a positive relationship between returns and beta, investors should be careful when making decisions about investing. Perković [40] conducted regression estimation of the model for 15 stocks for a more recent period (July 2005 to December 2009) in order to test whether beta can be used as a suitable risk measure. Based on the estimation results, he concluded that beta is not an adequate risk measure on the Croatian capital market. Finally, Džaja and Aljinović [13] tested the model for nine Central and South-East European markets, including Croatia. Their sample was the newest, ranging from January 2006 to December 2010. For all of the countries, they found that bigger returns do not mean a bigger beta, thus they confirmed the previous results that beta is not a valid measure of risk on the observed markets. Markov chain and regime switching methodology is also rarely present in the domestic research. Based on monthly data on CROBEX from January 2001 to December 2009 Kunovac [34] identified two regimes on the Zagreb Stock Exchange. He compared the results from forming a Markowitz model based on three stocks when the regimes are taken under consideration and when they are not. His results have shown that forming portfolios based on switching regimes result in better performance compared to others. Some other regime switching works combine Markov switching with GARCH ‡ methodology (see [6] or [49] ), while others combine Markov Chain methodology with Markowitz portfolio optimization [45] , and some apply a nonparametric approach to Markov Chain modeling [44] . As can be seen, a general deficiency of regime switching methodology is present in the domestic research.
Methodology
W. Sharpe [42] and J. Lintner [37] independently developed the Capital Asset Pricing Model, which is used to explain the excess return of an asset. It is assumed that all investors seek the efficient portfolio in a Markowitz [38] framework, and combine risky assets in combination with a risk-free asset. An important aspect of the models is a risk measure, named beta, which measures sensitivity of an asset to changes in market's excess return. Formally, beta of the i-th stock is calculated as:
where r it represents excess return § on the i-th stock (asset) in moment t,
, r mt excess stock market return in moment t and 2 m σ is the variance of market return. Jensen [28] introduced a time-series regression test [19] , in which the excess return should be explained completely by the risk premium, and thus Jensen's alpha should be zero for each asset. Empirical evaluation of the CAPM model is given by: where α i represents the i-th stock's Jensen's alpha, which measures the abnormal stock return, β i is the mentioned risk measure of the i-th stock and ε it is the error term, which is assumed to be iid N(0, σ 2 ). I is the number of stocks. The model given in equation (2) will be marked as M 1 .
Since many authors have shown that the CAPM failed to explain stock return and risk (in addition to the mentioned works, see [8, 36, 35, 5, 9] , etc.), many studies employing the regime switching CAPM have been emerging in the last two decades. The first ones focused on developed markets, and successively emerging markets that started to be examined. Here, we follow Turner et al. [48] , Abdymomunov and Morley [1] and especially Huang [26] and their approach to modeling the Markov regime-switching CAPM. It is assumed that the model is specified for two different states or regimes. One state is a low, and the other is a high volatility regime, which corresponds to bull and bear markets. A Markov process is a stochastic process {X t } if it has the property that, given the value of X t , the values of X s , s t > , do not depend on the values X r , r t
. Two different Markov regime switching models will be examined. The first one assumes that only beta varies over time. Thus, equation (2) becomes:
where we can see that beta is characterized with switching behavior as well as the error term. Henceforward, the model in (3) will be marked as M 2 . S t is the unobservable state variable, which evolves according to the first order Markov switching process defined as:
[ ] gives the probability that state i is followed by state j [26:575] . p and q are fixed transition probabilities of being in a low or a high volatility regime. In a matrix notation, we can define the probability transition matrix as:
and since we are dealing with probabilities, it holds that 0 1 ,
Thus, it follows that:
The error term is characterized as iid N(0, 
where both beta and Jensen's alpha vary due to the state variable S t , so an addition to (5) is made as:
Expected duration of the j-th state can be calculated as [24] 
( , , , , , , , )
by using numerical optimization or the EM algorithm and on filtered and smoothed probabilities are given in [23, 24, 50, 33, 26] .
In order to determine which model is most suitable for assets on the Croatian capital market (is it justifiable to apply the Markov switching model), a test for switching parameters should be conducted. However, standard likelihood ratio tests of the null hypothesis of no breaks cannot be performed, due to the fact that values p 11 and p 22 are not identified under the null hypothesis (nuisance parameters). When there are unidentified parameters under the null hypothesis, the likelihood function is flat with respect to them, and the optimum is not unique. This problem is solved by conducting a supremum statistics test, of which Davies [11, 12] , Hansen [25] , Andrews [3] , Andrews and Ploberger [4] are most popular (for more discussion and tests, see [46] ). This research applies the sup-Wald test of Andrews, where the LM test statistic LM T (π) is calculated as given in [3:837] , as well as asymptotic critical values. Three tests will be applied for each stock: two regime switching models ((3) and (6)) will be compared to the linear model and to each other. In that way, the best relationship between the stock and market return can be estimated. ** Usually, when analyzing financial data the assumption of a Gaussian distribution of error terms is often replaced by a Student's distribution.
Empirical analysis
For the purpose of empirical analysis, monthly data on most liquid stocks on the Zagreb Stock Exchange was collected from ZSE [51] . The data consists of price data on 21 stocks and CROBEX index for the period from January 2005 to December 2013. Since excess returns needed to be calculated, a risk-free interest rate on Treasury Bills was obtained from the Ministry of Finance [39] . The analysis was conducted by using TSM 4.42 software. Stock returns were calculated as continuously compounded returns:
where R it represents the return on the i-th stock † † in moment t, P it the price of the i-th stock in moment t and ln stands for the natural logarithm. Each return was adjusted for the risk-free rate in order to obtain the excess return as:
it it ft r R r = − , where r ft represents the risk-free return in moment t.
Unit root tests ‡ ‡ were performed for each stock and CROBEX excess return, which resulted in the conclusion that all excess returns are stationary. Then, an OLS estimation of the original CAPM model was conducted § § . Out of 21 regressions, 13 Jensen's alphas were not statistically significant on the usual levels of significance. In 10 regressions, R 2 was less than 0.2, with the highest one being 0.43. Overall, this means that the original CAPM model has a very weak explanatory power, as concluded by previous research. Thus, we move on to the regime switching models. Andrews [3] LM test was performed in order to determine which model is the most adequate one. The regime switching models were estimated by Broyden, Fletcher, Goldfarb and Shanno numerical quasiNewton optimization algorithm *** . The results are given in Table 1 (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) Since test results were ambiguous, log likelihood maxima were compared, as well as Akaike, Schwarz and Hannan-Quinn information criteria, tools commonly used for model selection. The Table is given in the appendix. Based on the results from that table and Table 1 , an appropriate model was chosen for each stock. The results of estimation are given in Table 2 . Note: M2 model was chosen for ADPL, ARNT, HUPZ and PODR. For every other stock, model M3 was chosen. The first four columns for each stock report estimated coefficients along with standard errors. Low and high stand for low and high volatility on the stock market, respectfully. σ low and σ high report error standard deviations, 11 p / 22 p reports probability that a state of a low/high volatility regime will occur after a low/high volatility regime.
*** , ** and * indicate significance on a 1%, 5% and 10% level, respectfully. Each model was estimated with an assumption of Student's t-distribution, because the Jarque Bera test rejected the hypothesis of normal distribution of error terms on usual levels of statistical significance. Furthermore, Ljung Box test was performed on the residuals and squared residuals and on usual levels of statistical significance there is no problem of autocorrelation or heteroskedasticity up to lag 12.
Examining Jensen's alpha, 14 stocks exhibit a statistically significant alpha, only two of which are positive, which indicates that only KOEI and PTKM generate abnormal returns in a low volatility regime. Looking at betas, only 2 stocks have insignificant betas in any market regime; 12 have higher betas in a high volatility regime, which means that when turbulences are present on the market, these stocks become more risky. Other 9 become less risky and 2 reverse their movements compared to the market. According to the CAPM theory, stocks with negative betas in bear markets and positive betas in bull markets move against the market movements. Their returns are negatively correlated to the market return and investors can reduce the losses by incorporating these stocks into portfolios when the market is bullish, and remove them from the portfolio when the market is bearish. Comparing estimated error standard deviations, a high volatility regime produces risk which is on average 7 times greater than a low volatility regime † † † . Each regime is on average strongly persistent, due to the high transition probabilities for each regime. The duration of a low volatility regime ranges from 4.5 to 100 months, and from 1 to 111 months for a high volatility regime. Furthermore, the number of months needed for switching from a low to a high regime ranges from 2.1 to 112.1 months, and 3.1 to 101 months vice versa ‡ ‡ ‡ . 18 high and 14 low volatility regime transition probabilities are higher than 0.8; and on average a high volatility transition probability is equal to 0.88, while for the low it is equal to 0.86. This persistency † † † Beta is a measure of systematic risk of an individual stock, and the std. is in accordance with other studies of CEE markets (see, for example, [32] or [41] ). Finally, an example of estimated smoothed probability for a high volatility regime of LEDO stock was graphically constructed and compared to the movements on CROBEX return (see Figure 1) . As can be seen, the chosen regime switching model is adequate. When the market return exhibits a higher volatility, the transition probability p 22 is high, thus indicating that the market is in a high volatility regime. The results correspond to the matching time span part in [34] . 
Discussion and conclusion
Despite its many flaws the original CAPM model plays an important role in finance and Modern Portfolio Theory. The model's validity has been questioned on the Croatian capital market. Thus, this study has attempted to reconsider the model by incorporating regime switching methodology. Regime switching models have been proven to capture the nonlinearities between stock return and risk. The results of the empirical investigation point out that beta, and even Jensen's alpha, vary over time. There exists a statistically significant difference between betas in different market regimes. In that way, the results from the linear CAPM model when investors consider it can be misleading. It is advisable to apply regime switching methodology when trying to predict stock returns. Some shortcomings of this study were the relative short time span of the sample, because there is a lack of liquidity on the Croatian capital market. Only the excess market return was observed as an explanatory variable in the model, but there are modifications to the original model (adding book-to-market ratio, size effect, etc.; see [16] ). Therefore, more research has to be conducted in this area. Moreover, based on the results from the most adequate model, investment strategies can be formed in order to achieve more reliable results than when not taking into account such nonlinearities and anomalies. Since this is one of the first studies on regime switching on the Croatian capital market, it will hopefully contribute to the existing literature on investing.
